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Section 12.3:  The Dot Product

• Definition of the dot product

• Properties of the dot product

• Geometric interpretation of the dot product

• When are 2 vectors orthogonal?

• Direction angles and direction cosines

• Scalar and vector projections

• Work (when  𝑭 and  𝒅 are constant, but not 

necessarily in the same direction)

Things we’ll go over today…



Def:  Given (2-dimensional) vectors  റ𝑣 =< 𝑎, 𝑏 > and  

𝑤 =< 𝑐, 𝑑 >,  their dot product (notation  റ𝑣 ∙ 𝑤) is the 

scalar given by …

< 𝑎, 𝑏 >∙< 𝑐, 𝑑 > ≡ 𝑎𝑐 + 𝑏𝑑

1.  Definition of the Dot Product

Ex 1:  Find the following …

a)  < 2,−4 >∙< 3, 2 >

b)  (−5𝒊 + 3𝒋) ∙ (9𝒊 − 7𝒋)



Def:  Given (3-dimensional) vectors  റ𝑣 =< 𝑎, 𝑏, 𝑐 > and  

𝑤 =< 𝑑, 𝑒, 𝑓 >,  their dot product (notation  റ𝑣 ∙ 𝑤) is the 

scalar given by …

< 𝑎, 𝑏, 𝑐 >∙< 𝑑, 𝑒, 𝑓 > ≡ 𝑎𝑑 + 𝑏𝑒 + 𝑐𝑓

1.  Definition of the Dot Product

Ex 2:  Find the following …

a)  < −1, 4, 7 >∙< 2,−3,−2 >

b)  (−2𝒊 + 6𝒋 + 2𝒌) ∙ (4𝒊 + 4𝒋 − 𝒌)



2.  Properties of the Dot Product

Prove some of these …



Def:  The angle between vectors റ𝑣 and  𝑤 is the smaller 

of the 2 angles between the vectors when the vectors are 

drawn tail-to-tail.  

3.  Geometric Interpretation of the Dot Product



Proof: …

3.  Geometric Interpretation of the Dot Product



Ex 3:  If vectors  റ𝑣 and  𝑤 have length  8  and  3  

respectively, and the angle between these vectors is  
𝜋

4
,  

find  റ𝑣 ∙ 𝑤

3.  Geometric Interpretation of the Dot Product

Ex 4:  Find the angle between the vectors  

റ𝑣 =< 4, 3, −1 > and  𝑤 =< 2,−5, 2 >



Def:  Vectors  റ𝑣 and  𝑤 are orthogonal is the angle 

between them is  
𝜋

2

4.  When are 2 Vectors Orthogonal?

Note:  The zero vector  0 is considered perpendicular to 

all other vectors. 

Ex 5:  a) Are the vectors  റ𝑣 =< 2, 5,−2 > and  

𝑤 =< 3, 2, 8 > orthogonal?  

b) Are the vectors  റ𝑎 = −3𝒊 − 2𝒋 + 8𝒌 and  

𝑏 = 7𝒊 − 2𝒌 orthogonal?  



Def:  Suppose a nonzero vector  റ𝑎 is drawn with its tail at 

the origin. Then the (smaller of the) angles the vector 

makes with the positive x-axis, positive y-axis, and 

positive z-axis are called the direction angles of the vector  

റ𝑎. These angles are denoted by  𝛼, 𝛽, and 𝛾 respectively.

5.  Direction Angles & Direction Cosines

cos(𝛼) ,  cos(𝛽) ,  and  cos(𝛾)
are called the direction cosines 

of the vector  റ𝑎



Some formulas involving the direction angles and 

direction cosines of a vector:  Let  റ𝑎 =< 𝑎1, 𝑎2, 𝑎3 > be a 

vector with direction angles 𝛼, 𝛽, and 𝛾. Then…

5.  Direction Angles & Direction Cosines

cos 𝛼 =
𝑎1

𝑎
cos 𝛽 =

𝑎2

𝑎
cos 𝛾 =

𝑎3

𝑎

𝑐𝑜𝑠2 𝛼 + 𝑐𝑜𝑠2 𝛽 + 𝑐𝑜𝑠2 𝛾 = 1

1

𝑎
റ𝑎 =< cos 𝛼 , cos 𝛽 , cos 𝛾 >



Ex 6:  Find the direction angles for the vector  

റ𝑣 =< 2,−5, 1 >

5.  Direction Angles & Direction Cosines



6.  Scalar and Vector Projections



6.  Scalar and Vector Projections



We will do WORK when we go over section 

6.4  (next class)


